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A mutual synchronization of spin-torque oscillators coupled through current injection is studied
theoretically. Models of electrical coupling in parallel and series circuits are proposed. Solving the
Landau-Lifshitz-Gilbert equation, excitation of in-phase or antiphase synchronization, depending on
the ways the oscillators are connected, is found. It is also found from both analytical and numerical
calculations that the current-frequency relations for both parallel and series circuits are the same
as that for a single spin-torque oscillator.
Spin-torque oscillators have been a fascinating research
target in the field of spintronics from the viewpoints of
both nonlinear science and practical applications such
as microwave generator and communication devices [1–
6]. Above all, the exciting topic in this research field
is the synchronization of spin-torque oscillators by the
magnetic [7–10] and/or electrical [11–15] couplings. The
synchronization of spin-torque oscillators results in an
enhancement of the emission power and an increase of
the quality factor of the practical devices. In addition,
new applications such as brain-inspired computing based
on the synchronized spin-torque oscillators are proposed
very recently [16–19].
An attractive structure of spin-torque oscillator for
practical applications is that consisting of a perpendic-
ularly magnetized free layer and an in-plane magnetized
pinned layer [20–22] because this type of spin-torque os-
cillator results in high emission power, narrow linewidth,
and wide frequency tunability simultaneously. The os-
cillation properties of this type of spin-torque oscillator,
such as the relation between the injected current and
the oscillation frequency, as a single oscillator have been
investigated both experimentally [22] and theoretically
[23]. A possibility to excite a mutual synchronization in
this type of spin-torque oscillators, however, has not been
investigated yet.
In this letter, a theoretical study on the mutual syn-
chronization of spin-torque oscillators consisting of per-
pendicularly magnetized free layers and in-plane magne-
tized pinned layers is presented. We focus on the coupling
of spin-torque oscillators through the current injection,
and develop models of the coupling in the parallel and se-
ries circuits. Solving the Landau-Lifshitz-Gilbert (LLG)
equation numerically, we show that two spin-torque os-
cillators indicate in-phase or antiphase synchronization
depending on the way the oscillators are connected. An
analytical theory clarifying the relation between the cur-
rent, oscillation frequency, and phase difference is also de-
veloped. Both the numerical and analytical calculations
indicate that the dependence of oscillation frequency on
the current for both the parallel and series circuits are
identical to that of a single spin-torque oscillator.
The system under consideration is schematically shown
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FIG. 1: Schematic view of the mutual synchronization of two
oscillators coupled through the current injection with parallel
or series connection.
in Fig. 1. There are two spin-torque oscillators, and
each oscillator consists of a free layer Fk (k = 1, 2) and
a pinned layer. For simplicity, we assume that the ma-
terial parameters of two oscillators are identical. The
unit vector pointing in the magnetization direction of the
Fk layer is mk = (mkx,mky ,mkz), whereas the magne-
tizations in the pinned layers point to the positive x-
direction, p = +ex. The z-axis is normal to the film-
plane. The external field Happl is applied along the z-
direction. The free layers are perpendicularly magne-
tized, and therefore, the magnetic field acting of the Fk
layer isHk = [Happl+(HK−4piM)mkz]ez, whereHK and
4piM are the crystalline anisotropy field and the shape
anisotropy (demagnetization) field along the z-direction,
respectively. The electric currents are injected to the os-
cillators and they excite self-oscillations, where the posi-
tive electric current corresponds to the electrons flowing
from the free layer to the pinned layer. The magnetiza-
tion dynamics in the Fk (k = 1, 2) layer is described by
the LLG equation,
dmk
dt
= −γmk×Hk−γHskmk×(p×mk)+αmk×
dmk
dt
,
(1)
where γ and α are the gyromagnetic ratio and the Gilbert
damping constant, respectively. The spin torque strength
is given by [24]
Hsk =
~ηIk
2e(1 + λmk · p)MV
, (2)
where M and V are the saturation magnetization and
volume of the free layer, respectively. Two dimensionless
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FIG. 2: In the parallel circuit, the current flowing through
the connection, Icoupling, becomes zero when m1x = m2x,
whereas it becomes finite for m1x 6= m2x, as schematically
shown in (a). On the other hand, in the series circuit, the
current in the connection becomes zero when m1x = −m2x,
as shown in (b).
parameters, η and λ, determine the magnitude and the
angular dependence of the spin torque. The total current
injected into the free layer is denoted as Ik. The explicit
form of Ik will be given below.
The spin-torque oscillator generates an oscillating
power (current) through the oscillation of the magne-
tization, which can be separated from an external volt-
age by using bias-Tee [22]. The electric current ejected
from the spin-torque oscillator, which is proportional to
Ve/R ≃ {Ve/[(RP+RAP)/2]}[1+∆Rmk ·p/(RP+RAP)],
depends on the magnetization direction through the term
mk · p, where Ve, RP, and RAP = ∆R + RP are the
external voltage and the resistances at the parallel (P)
and antiparallel (AP) alignments of the magnetizations,
mk and p, respectively. It has been recently shown
both theoretically [25] and experimentally [14] that self-
synchronization is excited in a vortex oscillator by re-
injecting the generated oscillating current into the spin-
torque oscillator. In this work, on the other hand, the
current ejected from the Fk′ layer is injected into the
other ferromagnet Fk (k 6= k
′). This current excites an
additional spin torque on the magnetizationmk in the Fk
layer. Since the magnitude of this additional spin torque
depends on the magnetization direction of the Fk′ layer,
the dynamics of mk′ influences that of mk. Therefore,
coupled dynamics of the magnetizations is expected.
To establish a model that suits this type of coupling, we
consider two types of connections, i.e., parallel and series
circuits, as shown in Fig. 1. The difference between the
connections is characterized by the current Ik in Eq. (2).
Let us denote the current in the absence of the coupling
as I0. In the presence of the coupling, the total current
Ik can be expressed as
Ik = I0 + I
coupling
k (mk,mk′), (3)
where Icouplingk is the current injected from the Fk′ to the
Fk layer. We assume that I
coupling
k is given by
Icouplingk (t) =
{
I0χ[mkx(t)−mk′x(t)] (parallel circuit),
I0χ[mkx(t) +mk′x(t)] (series circuit),
(4)
where the dimensionless parameter χ characterizes the
strength of the coupling. The parameter χ reflects the
energy loss of the current in the cable connecting the os-
cillators. As shown below, the oscillation frequency of
the magnetization is of the order of gigahertz, which cor-
responds to the wave length on the order of centimeter.
We assume that the spin-torque oscillators are connected
by a cable much shorter than the wave length. In this
case, the coupling occurs instantaneously without any
time delay nor phase shift. Let us explain the physi-
cal meaning of Eq. (4). In the parallel circuit shown
in Fig. 2(a), the current flowing through the connec-
tion corresponds to the difference between the currents
ejected from the two ferromagnets. Since the current
ejected from the Fk layer includes a term proportional
to mk · p = mkx, as mentioned above, the current in the
connection is given by Icouplingk ∝ mkx−mk′x, as shown in
Eq. (4). This current excites the additional spin torque,
and causes the coupled dynamics of the magnetizations.
When mkx = mk′x, the currents ejected from the two fer-
romagnets become the same, and, as a result, no current
flows in the connection, i.e., Icouplingk becomes zero. On
the other hand, in the series circuit shown in Fig. 2(b),
the total resistance of the circuit is the sum of the re-
sistances of the ferromagnets, which are proportional to
mkx and mk′x. Therefore, the current flowing through
the circuit includes a term proportional to mkx +mk′y,
which corresponds to Eq. (4). The spin torque excited
by this current leads to the coupled dynamics. When
mkx = −mk′x, the total resistance, as well as the current
flowing through the circuit, becomes independent of the
magnetization directions. Then, the coupling becomes
zero.
We study the magnetization dynamics of two spin-
torque oscillators by solving Eq. (1) numerically. The
values of the parameters are derived from our previ-
ous experiment and theory [22, 23], where M = 1448.3
emu/c.c., HK = 18.6 kOe, Happl = 2.0 kOe, η = 0.54,
λ = η2, γ = 17.64 Mrad/(Oe s), α = 0.005, and
V = pi × 60 × 60 × 2 nm3. The coupling strength χ is
assumed to be 0.1. Figure 3(a) shows the time evolutions
of mkx and mky in a steady oscillation state, where the
solid (red) and dotted (blue) lines correspond to the F1
and F2 layers, respectively. The spin-torque oscillators
are coupled through the parallel connection. The cur-
rent is I0 = 2.5 mA. Starting from different initial con-
ditions of m1 and m2, the dynamics of two magnetiza-
tions are gradually synchronized, and finally, stabilizes in
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FIG. 3: Schematic view of the mutual synchronization of
two oscillators coupled through the current injection, where
mx and my of the F1 (red solid) and F2 (blue dotted) are
shown. The connections are (a) parallel and (b) series.
the in-phase synchronization, i.e., m1x(t) = m2x(t) and
m1y(t) = m2y(t). On the other hand, the antiphase syn-
chronization, m1x(t) = −m2x(t) and m1y(t) = −m2y(t),
is stabilized for the series connection, as shown in Fig.
3(b). We also notice that the oscillation frequency with
a common current is the same for both the parallel and
series circuits; for example, the frequency is 6.3 GHz for
both circuits in Fig. 3. The emission power from an os-
cillator network is enhanced (reduced) compared to that
from a single oscillator when the phase difference is in-
phase (antiphase). Therefore, the in-phase synchroniza-
tion will be useful to increase the power of the oscillator
devices. On the other hand, both the in-phase and an-
tiphase synchronizations may be useful for brain-inspired
computing such as pattern recognition [26].
We also developed an analytical interpretation of the
self-oscillation to verify two important conclusions found
in the numerical simulation, i.e., the phase difference be-
tween the spin-torque oscillators depends on the way the
oscillators are connected, while the oscillation frequency
at a given current I0 is independent of the way of con-
nection. In terms of zenith and azimuth angles (θk, ϕk)
defined as mk = (sin θk cosϕk, sin θk sinϕk, cos θk), the
LLG equation (1) up to the first order of the small pa-
rameter α is given by
dθk
dt
= −γHsk cos θk cosϕk − 2piαf sin θk, (5)
sin θk
dϕk
dt
= 2pif sin θk + γHsk sinϕk, (6)
where the oscillation frequency f is
f(θ) =
γ
2pi
[Happl + (HK − 4piM) cos θk] . (7)
The self-oscillation is excited when the spin torque bal-
ances the damping torque. This condition means that the
second and third terms on the right-hand side of Eq. (1)
averaged over an oscillation period cancel each other. Ac-
cordingly, the oscillating magnetizations are mainly de-
scribed by the first term of Eq. (1), i.e., the torque due to
the magnetic field. This torque leads to an oscillation of
magnetization on a constant energy curve of E, where the
energy density E is defined as E = −M
∫
dmk ·Hk. In
the present case, the constant energy curve corresponds
to the trajectory with a constant cone angle θk in Fig. 1
because E = −MHappl cos θk−[M(HK−4piM)/2] cos
2 θk
depends on θk only. Since the material parameters of two
ferromagnets are assumed to be identical, the zenith an-
gle θk in the self-oscillation state becomes identical for
the two spin-torque oscillators. Therefore, in the follow-
ing, we remove the suffix k from θk. We also call θ as a
cone angle of the oscillation in the following discussion.
Let us first investigate the relation between the phase
difference of the spin-torque oscillators and the way the
oscillators are connected. In the present case, ϕk can be
regarded as a phase of the oscillation. According to Eq.
(6), the phase difference ∆ϕ defined as ∆ϕ = ϕ1 − ϕ2
obeys the following equation,
sin θ
γHs0
d∆ϕ
dt
=
[1 + χ(sin θ cosϕ1 ∓ sin θ cosϕ2)] sinϕ1
1 + λ sin θ cosϕ1
−
[1 + χ(sin θ cosϕ2 ∓ sin θ cosϕ1)] sinϕ2
1 + λ sin θ cosϕ2
,
(8)
where Hs0 = ~ηI0/(2eMV ). The double sign ∓ means
the following: the upper (−) denotes the parallel circuit
and the lower (+) denotes the series circuit. Since we
are interested in the role of the coupling, it is natural
to consider only the lowest order terms of the coupling
strength χ. In addition, as the phase ϕk varies according
to ϕk = 2pift, we neglect the terms such as sinϕk and
sinϕk cosϕk, which become zero when we focus on an
averaged motion of the magnetization during an oscilla-
tion. Imagine that the phase difference ∆ϕ slightly shifts
from the in-phase (∆ϕ = 0) state as ∆ϕ = 0+δϕ. Then,
the small deviation δϕ from the in-phase state obeys
d
dt
δϕ ∼ ∓χγHs0δϕ. (9)
The solution of Eq. (9), δϕ ∝ e∓χγHs0t, indicates that the
small deviation in the parallel circuit exponentially de-
creases with increasing time, implying that the in-phase
state synchronization is stable in the parallel circuit. On
the other hand, δϕ in the series circuit increases expo-
nentially, indicating that the in-phase synchronization is
unstable. When we focus on the stability of the phase dif-
ference ∆ϕ near the antiphase state (∆ϕ = pi), we find
that a small deviation δϕ from the antiphase state obeys
a similar equation to Eq. (9). However, the double sign∓
in Eq. (9) is changed to the opposite sign ±. Therefore,
in this case, the solution of δϕ exponentially increases
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FIG. 4: Dependence of the oscillation frequency on the cur-
rent I0 obtained from the numerical simulation (red circles).
Although we perform the simulations for three kinds of the
spin-torque oscillators, i.e., a single oscillator and synchro-
nized oscillators in both parallel and series circuits, all of the
simulations give an identical current-frequency relation. The
critical current Ic in this study is about 1.6 mA. The black
line is obtained from Eqs. (7) and (13).
(decreases) with increasing time for the parallel (series)
circuit, indicating that the antiphase synchronization is
unstable (stable) in the parallel (series) circuit. These
conclusions are consistent with the numerical simulations
shown in Fig. 3.
Next, let us investigate the dependence of the oscilla-
tion frequency on the current I0. As mentioned above,
the magnetizations in the self-oscillation state can be
approximated as oscillating on a constant energy curve,
which in the present case corresponds to a trajectory with
a constant θ. This condition implies that Eq. (5) aver-
aged over a precession period τ = 1/f is zero, i.e.,
1
τ
∮
dt
dθ
dt
= 0. (10)
Using Eq. (5) with the precession trajec-
tory on a constant energy curve, m1 =
(sin θ cos 2pift, sin θ sin 2pift, cos θ) and m2 =
[sin θ cos(2pift − ∆ϕ), sin θ sin(2pift − ∆ϕ), cos θ],
where ∆ϕ is the phase difference, we find that the
current I0 satisfying Eq.(10) is given by
I0(θ,∆ϕ) =
2αeλMV
~ηP cos θ
(
1√
1− λ2 sin2 θ
− 1
)−1
× [Happl + (HK − 4piM) cos θ] sin
2 θ,
(11)
where P stands for
P =
{
1− χ
λ
(1 − cos∆ϕ) (parallel circuit)
1− χ
λ
(1 + cos∆ϕ) (series circuit)
. (12)
Since the phase difference ∆ϕ is zero (pi) for the parallel
(series) circuit, we notice that Eq. (11) becomes
I0(θ) =
2αeλMV
~η cos θ
(
1√
1− λ2 sin2 θ
− 1
)−1
× [Happl + (HK − 4piM) cos θ] sin
2 θ.
(13)
Equation (13) gives the current I0 necessary to excite a
self-oscillation on a trajectory with a constant θ, where
the oscillation frequency is given by Eq. (7). The criti-
cal current Ic = limθ→0 I0(θ) = [4αeMV/(~ηλ)](Happl +
HK − 4piM), is the minimum current necessary to excite
a self-oscillation. We note that Eq. (13) explains the rea-
son why the oscillation frequencies found at a fixed I0 in
the numerical simulation are identical for the parallel and
series connections; it is because Eq. (13) is independent
of the coupling constant χ.
Equation (13) predicts another interesting conclusion
about the current-frequency relation. The oscillation fre-
quencies, as well as the cone angles of the magnetizations,
of the parallel and series circuits at a given current I0 are
identical to that of a single spin-torque oscillator [23] be-
cause Eq. (13) is independent of the coupling constant χ.
We confirm this prediction for a wide range of the current
by performing the numerical simulations for the single
and synchronized spin-torque oscillators. The red circles
in Fig. 4 shows the dependence of the oscillation fre-
quency on the current obtained from the numerical sim-
ulation. As expected, we find that the current-frequency
relation is identical for three types of the spin-torque os-
cillators, namely, a single oscillator and synchronized os-
cillators in both parallel and series circuits. In addition,
the theoretical formulas, Eqs. (7) and (13), shown by the
black line in Fig. 4 work well to reproduce the numer-
ical results, which evidently suggests the validity of the
analytical formulas.
In conclusion, the mutual synchronization of two spin-
torque oscillators consisting of perpendicularly magne-
tized free layer and in-plane magnetized pinned layers
was investigated theoretically. The physical models for
parallel and series connections were proposed. The nu-
merical simulation of the Landau-Lifshitz-Gilbert equa-
tion revealed that in-phase or antiphase synchronization
is excited selectively, depending on the ways the spin-
torque oscillators are connected. It was also shown both
numerically and analytically that the frequency depen-
dence of two coupled oscillators on the current is identical
to that of a single spin-torque oscillator.
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